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Abstract
We provide a given algebraic structure with the structure of an in-
finitesimal algebraic skeleton. The necessary conditions for integrability
of the absolute parallelism of a tower with such a skeleton are disper-
sive nonlinear models and related conservation laws given in the form of
associated linear spectral problems.
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1 Introduction
It is nowadays well recognized that algebraic properties of nonlinear systems,
which play a role in a variety of physical phenomena, are relevant from the
point of view of integrability. This is a topic which is far from being trivial
for both discrete and continuous, as well as, classical and quantistic models.
The origin of this relevance lies in the concept of integrability as of having
‘enough’ conservation laws to exaustively describe the dynamics and from a
variational point of view can be seen as a version of the inverse Noether Theorem.
Historically, in fact, the algebraic-geometric approach is based on the request of
the existence of conservation laws which leads to the existence of symmetries
(in terms of algebraic structures).
In this paper we will consider such algebraic structures also called ‘open’ Lie
algebra structures, in the sense that not all the commutators (i.e. not all the
Lie algebra structure constants) are determined. Algebraic structures of such
type appear constructively as an outcome of a geometric approach, based on the
concept of Cartan’s moving frames, proposed by Wahlquist and Estabrook for
the study of integrability properties of nonlinear dispersive systems. They were
specifically related with the existence of an infinite set of associated conservation
laws generated by pseudopotentials [21, 6]. In their approach, conservation laws
are written in terms of ‘prolongation’ forms and the algebraic outcome was
1
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called a ‘prolongation structure’. The latter appeared immediately very rich
and - by using their words - was shown to ‘contain’ in particular linear inverse
scattering equations and Ba¨cklund transformations (see in particular [20]). By
using recurrence relations, they conjectured that the structure was ‘open’, that
is not a set of structure relations of a finite–dimensional Lie group, as they
wrote. Since then, ‘open’ Lie algebras have been extensively studied in order to
distinguish them from freely generated infinite-dimensional Lie algebras.
Such nonlinear prolongation algebras can be thus related to integrable non-
linear field equations which are geometrically expressed by means of closed dif-
ferential ideals and they arise via the introduction of an arbitrary number of ‘pro-
longation’ forms containing pseudopotentials as new dependent variables, and
by requiring the algebraic equivalence between the generators of the ‘prolonged’
ideal and its exterior differential, i.e. by requiring an integrability condition for
the prolonged differential ideal. The geometric interpretation of pseudopoten-
tials and prolongation structures was the object of various studies, among them
the seminal papers [8, 7, 3, 16]. Attempting a description of symmetries in
terms of Lie algebras implies the appearing of an homogeneous space and thus
the interpretation of prolongation forms as Cartan–Ehresmann connections [4];
in [17] the concept of a special connection was pointed out; see also [13, 14, 12].
Within the theory of moving frames, Estabrook also investigated the dual-
ity between vector fields and forms, and applied it to the algebraic structure
obtained by the prolongation technique [5]. By reformulating geometrically the
prolongation procedure in terms of a connection on a fiber bundle, an incomplete
Lie algebra of vector fields was derived. Conversely, given an ‘open’ algebra, he
showed that one can derive a corresponding differential ideal (actually a whole
‘family’ of differential ideals among which also the original one, from which the
open structure itself could be derived as its prolongation structure). The latter
aspect has been investigated subsequently by many authors; see e.g. [9, 11, 13]
and references therein.
It should be stressed that within this approach the ‘unknowns’ are both
conservation laws and symmetries and it is clear that the main point in this is
how to realize the form of conservation laws and thus the explicit expression of
prolongation forms. Different formulations of the prolongation ideal lead to both
different algebraic structures (symmetries) and corresponding conservation laws:
of course, also depending on the postulated structure of prolongation forms, we
could obtain ‘open’ or ‘closed’ Lie algebras.
We use the algebraic properties of a ‘laboratory’ model to explicate an
algebraic-geometric interpretation of the above mentioned ‘prolongation’ pro-
cedure in terms of towers with infinitesimal algebraic skeletons [10]. We shall
consider a given abstract open Lie algebra structure, we show that it can be car-
acterized as an infinitesimal algebraic skeleton on an appropriate vector space
and construct a tower with such a skeleton and the functorially associated gauge-
natural bundle, the sections of which can be used to pull-back exterior differen-
tial forms to nonlinear dispersive field equations.
In particular, by realizing infinite dimensional open Lie algebra structures
as infinitesimal algebraic skeletons we obtain a family of coupled nonlinear
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Schroedinger equations describing several nonlinear phenomena, in particular,
models of waves propagation in optical fibers and corresponding conservation
laws in the form of a spectral linear problem associated with them is explicitly
written [2].
It is noteworthy that we obtain as an element of the family the well known
Manakov equation which then has in common with coupled nonlinear Schroedinger
equations the same tower with skeleton. This fact is much stronger than knowing
that solutions of the coupled nonlinear Schroedinger equations could be recon-
structed (resorting to transformations) by solutions of the Manakov equation.
2 An infinitesimal algebraic skeleton from an
open Lie algebra structure
As mentioned above, we intend to explicate an algebraic-geometric interpreta-
tion of the ‘prolongation’ procedure in terms of towers with infinitesimal alge-
braic skeletons.
It is well known that the notion of an (infinitesimal) algebraic skeleton is
an abstraction of some algebraic aspects of the homogeneous spaces [10]. As a
prototype of skeleton, one can consider a homogeneous space L/K, where L is
a finite-dimensional Lie group with Lie algebra l and K is a closed subgroup of
L with Lie algebra k. The triple (l,K, Ad) becomes a skeleton on V = l/k by
identifying l = V ⊕ k.
Let then V denotes a finite–dimensional vector space. An algebraic skeleton
on V is a triple (E,G, ρ), with G a (possibly infinite-dimensional) Lie group,
E = V ⊕g, g the Lie algebra of G, and ρ a representation of G on E (infinitesi-
mally of g onE) such that ρ(g)x = Ad(g)x, for g ∈ G, x ∈ g. The generalization
involved in the notion of a skeleton is that, G can be infinite dimensional and
that E is not necessarily equipped with a Lie algebra structure.
Let Z be a manifold of type V (i.e. ∀z ∈ Z, TzZ ≃ V ). We say that a
principal fibre bundle P (Z,G) provided with an absolute parallelism ω on P
is a tower on Z with skeleton (E,G, ρ) if ω takes values in E and satisfies:
R∗gω = ρ(g)
−1ω, for g ∈ G; ω(A˜) = A, for A ∈ g; here Rg denotes the right
translation and A˜ the fundamental vector field induced on P from A. In general,
the absolute parallelism does not define a Lie algebra homomorphism.
Let l be a Lie algebra and k a Lie subalgebra of l. LetK be a Lie group with
Lie algebra k and P (Z,K) be a principal fibre bundle with structure group K
over a manifold Z as above. A Cartan connection in P of type (l,K) is a 1–form
ω on P with values in l satisfying the following conditions: - ω|TuP : TuP → l
is an isomorphism ∀u ∈ P ; - R∗gω = Ad(g)
−1ω for g ∈K; - ω(A˜) = A for A ∈ k.
A Cartan connection (P ,Z,K, ω) of type (l,K) is a special case of a tower on
Z.
Remark that since, a priori, the prolongation algebra does not close into a
Lie algebra the starting point (i.e. the construction of prolongation forms) for
the prolongation procedure should be considered simply only a tower (with an
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absolute parallelism) and in general not, at least a a priori, a Cartan connection.
Thus, in principle, we should think of Estabrook-Wahlquist’s prolongation forms
as absolute parallelism forms. The corresponding open Lie algebra structure can
be provided of the structure of an infinitesimal algebraic skeleton on a suitable
space. First we have to prove that a finite dimensional space V and a Lie
algebra g exist satisfying the definition of a skeleton, i.e. in particular that a
suitable representation ρ can be defined. The representation ρ (i.e. the way in
which the Lie algebra g acts on the vector space V ) is obtained by means of
the request of integrability for the absolute parallelism of a tower on Z, with
skeleton (E,V , g).
Let κ, µ be real parameters, σ = ||σlm||, a matrix with σlm = 0, for l = m
and σlm = 1, for l 6= m. Let us consider the following algebraic structure which,
for reasons which will be clear later, we just denote by E:
[χ1, χ2] = 0 , [χ3, χ4] = 0 , [χ5, χ6] = 0 , [[χ4, χ1], χ4] = 0 ,
[[χ1, χ5], χ1] = 0 , [[χ1, χ5], χ2] = 0 , [[χ2, χ5], χ1] = 0 ,
[[χ2, χ5], χ2] = 0 , [[χ3, χ5], χ4] = 0 , [[χ4, χ5], χ3] = 0 ,
[[χ3, χ5], χ3] = 0 , [[χ4, χ5], χ4] = 0 , [[χ3, χ1], χ5] = 0 ,
[[χ4, χ1], χ5] = 0 , [[χ3, χ2], χ5] = 0 , [[χ4, χ2], χ5] = 0 ,
[[χ3, χ2], χ2] = 0 , [[χ4, χ1], χ1] = 0 , [[χ3, χ2], χ3] = 0 ,
[[χ3, χ1], χ1] = µχ1 , [[χ4, χ1], χ2] =
1
2µχ2 ,
[[χ3, χ2], χ1] =
1
2µχ1 , [[χ4, χ2], χ2] = µχ2
[[χ3, χ1], χ3] = −µχ3 , [[χ3, χ1], χ4] = −
1
2µχ3 ,
[[χ3, χ2], χ4] = −
1
2µχ4 , [[χ4, χ3], χ4] = −
1
2µχ4 ,
[[χ4, χ1], χ3] = −
1
2µχ3 , [[χ4, χ2], χ4] = −µχ4 ,
iκσχj + i[[χj , χ5], χ5]− [χ6, χj ] = 0 , j = 1, 2, 3, 4 .
It is a (possibly infinite dimensional) vector space and in particular it has the
structure of an open Lie algebra. We show how it can be provided with the
structure of an infinitesimal algebraic skeleton on a finite dimensional vector
space V . The following Lemma provides what is also sometimes called an
infinite-dimensional ‘realization’ of E.
Lemma 1 There exists a homomorphis H between E and an infinite-dimensional
Lie algebra with a loop structure of the Kac-Moody type which we denote by g:[
T
(n)
lm ,T
(n¯)
l¯m¯
]
= iδm¯l T
(n+n¯)
l¯m
− iδml¯T
(n+n¯)
lm¯ .
Proof. The homomorphism H is defined by the following relations
χk → T
(n)
0k , χm → T
(−n)
m0 , tlm → iT
[n(δl0−δm0)]
lm , χ5 → λ
(
T
(l)
11 +T
(l)
22
)
,
χ6 → −3iλ2
(
T
(2l)
11 +T
(2l)
22
)
− iκ
(
T
(0)
12 +T
(0)
21
)
,
where k = 1, 2, m = 3, 4, n, l ∈ Z, λ is a parameter and we put tlm = [χl, χm].
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If, in particular, l,m, l¯, m¯ 6= 0, the vector fields T
(n)
lm satisfy the commutation
relations defining g.
Definition 1 We define the vector space V to be the kernel of the above ho-
momorphism, i.e. V := kerH.
Let us consider a manifold P on which the Lie group G, with Lie algebra
g, acts on the right; P is a principal bundle P → Z ≃ P /G. By construction,
we have that Z is a manifold of type V . A tower P (Z ,G) on Z with skeleton
(E,G, ρ) is an absolute parallelism ω on P valued in E. Suppose a left action
of G on a manifold U of type E (i.e. TuU ≃ E) which induces a right action
on the product manifold J1P × U → Z. We have a functorial construction
of the associated gauge-natural bundle J1P ×G U → Z. Let us now consider
the induced absolute parallelism given by forms locally exspessed as (a super-
script is understood, its range being the dimension of the vector space E, while
(x, t,β,β∗) are local coordinates in U):
ω = dξ + F (β,β∗,βt,β
∗
t ,βx,β
∗
x; ξ)dx +G(β,β
∗,βt,β
∗
t ,βx,β
∗
x; ξ)dt , .
The important point is now that the way how the functions F and G are
determined specifies how the representation ρ of our skeleton is defined. In fact,
we cannot speak of ω as the absolute parallelism for a tower unless we define the
skeleton over which the tower is constructed, i.e. unless we define the skeleton
representation ρ.
The absolute parallelism is a connection on P valued in E and invariant
under the right action ofG which implies that there is a right action of G on V .
Keeping in mind the request of invariance (which implies a more specific form of
F and G as a summation of product of functions of β,β∗ and their derivatives,
from one side and functions of ξ on the other side), different ansa¨tze can be made
on F and G. A choice can be, for example, F = −i
∑2
k=1[Ak T
(n)
0k +Bk T
(−n)
k0
+ Ck T
(n+l)
0k + Dk T
(−n+l)
k0 + Pk T
(0)
1k + Kk T
(0)
2k + 3iT
(2l)
kk ], G =
∑2
k=1[βk T
(n)
0k
+ ǫβ∗k T
(−n)
k0 − iT
(l)
kk], where ǫ is a real quantity; Ak, Bk, Ck, Dk, Pk, Kk are
functions of βj , β
∗
j to be determined.
Proposition 1 The representation ρ is defined by requiring that Ak, Bk, Ck,
Dk, Pk, Kk are functions of βj, β∗j in such a way that the operators T(·) satisfy
the Kacˇ-Moody algebra so that ω = 0 along the sections βj(t, x) and β
∗
j (t, x) and
that the integrability condition ξ
(i)
xt = ξ
(i)
tx holds true.
Proof. This integrability condition for the absolute parallelism defines the
vector space V , and more precisely the decomposition E = V ⊕ g in such a
way that V is isomorphic to the horizontal subspace which is the lift of TzZ
by the horizontal parallelism; the integrability of the horizontal distribution is
given by the following set of integrability constraints
B1t = iǫ(P2β
∗
2 + (2P1 +K2) β
∗
1 + β
∗
1x) , B2t = iǫ(K1β
∗
1 + (P1 + 2K2)β
∗
2 + β
∗
2x) ,
Akt = −i(βk (P1 +K2) + β1Pk + β2Kk − βkx) , Ak = −βkt, Bk = ǫβ
∗
kt ,
Ck = −3βk, Dk = −3ǫβ
∗
k , Pk = iǫβ
∗
1βk + ηk , Kk = iǫβ
∗
2βk + µk ,
6 towers with skeletons from open Lie algebras
where ηk and µk are arbitrary constants and k = 1, 2.
Such constraints can be recasted in the form of families (depending on a
matrix parameter) of coupled nonlinear Schroedinger equations:
iβx + βtt + Kβ + ǫ|β|
2β = 0, −iβ∗x + β
∗
tt + K
T β
∗ + ǫ|β|2β∗ = 0,
where β = (β1, β2)
T , β∗ = (β∗1 , β
∗
2 )
T , |β|2 = β · β∗; the dot means the scalar
product, subscripts stand for partial derivatives and K is the matrix
K =
(
m1 κ
κ∗ m2
)
.
We require KT = K∗: under this conditions the entries of the matrix K have
to be all real, with m1 = −i (2η1 + µ2) ∈ IR, m2 = −i (η1 + 2µ2) ∈ IR. In
particular, η2 = −µ1 = −iκ and η1 = −µ2 = im, with κ,m real numbers, and
m1 = −m2.
A representation of g in fiber local coordinates on P is given by
T
(h)
lm = −i
∑+∞
k=−∞ ξ
(h+k)
l
∂
∂ξ
(k)
m
+ iδlm
∑+∞
k=−∞ ξ
(h+k)
0
∂
∂ξ
(k)
0
,
with h ∈ Z and ξ(k) = (ξ
(k)
0 , ξ
(k)
1 , ξ
(k)
2 )
T. We thus obtain equations for the
absolute parallelism in the form of the linear spectral problem the integrability
condition of which is the family of coupled nonlinear Schroedinger equations we
have derived: Ψx(λ) = L1Ψ(λ), Ψt(λ) = L2Ψ(λ) where Ψ is the 3-component
vector Ψ(x, t;λ) =
∑+∞
k=−∞ λ
kξ(k) and with
L1 =


−i( 1
2
ǫ|β1|2 +
1
2
ǫ|β2|2 + 6λ2) β∗1t + 3λβ
∗
1
β∗
2t
+ 3λβ∗
2
1
2
ǫ(−β1t + 3λβ1) i (
1
2
ǫ|β1|2 + 3λ2 + m1) i (
1
2
ǫβ∗
2
β1 + κ)
1
2
ǫ(−β2t + 3λβ2) i(
1
2
ǫβ2β
∗
1
+ κ) i( 1
2
ǫ|β2|2 + 3λ2 + m2)

 ,
L2 =


2λ iβ∗
1
iβ∗
2
i
2
ǫβ1 −λ 0
i
2
ǫβ2 0 −λ

 .
In particular, in the case m1 = −m2 = m we obtain the spectral linear problem
associated with the coupled nonlinear Schroedinger equations describing the
waves propagation in twisted birefringent optical fibres [19] Ψx(λ) = M1Ψ(λ),
Ψt(λ) = M2Ψ(λ), with M2 = L2 and
M1 =


−i( 1
2
ǫ|β1|2 +
1
2
ǫ|β2|2 + 6λ2) β∗1t + 3λβ
∗
1
β∗
2t
+ 3λβ∗
2
1
2
ǫ(−β1t + 3λβ1) i (
1
2
ǫ|β1|2 + 3λ2 + m) i (
1
2
ǫβ∗
2
β1 + κ)
1
2
ǫ(−β2t + 3λβ2) i(
1
2
ǫβ2β
∗
1
+ κ) i( 1
2
ǫ|β2|2 + 3λ2 −m)

 .
We also notice that for m1 = −m2 = 0 we recover, as a special case, the spectral
problem Ψx(λ) = N1Ψ(λ), Ψt(λ) = N2Ψ(λ), with N2 = L2 and
N1 =


−i( 1
2
ǫ|β1|2 +
1
2
ǫ|β2|2 + 6λ2) β∗1t + 3λβ
∗
1
β∗
2t
+ 3λβ∗
2
1
2
ǫ(−β1t + 3λβ1) i (
1
2
ǫ|β1|2 + 3λ2) i (
1
2
ǫβ∗
2
β1 + κ)
1
2
ǫ(−β2t + 3λβ2) i(
1
2
ǫβ2β
∗
1
+ κ) i( 1
2
ǫ|β2|2 + 3λ2)

 ,
the compatibility condition of which produces a family of coupled nonlinear
Schroedinger equations describing e.g. waves propagations in birefringent non-
linear optical fibers [18, 19].
It is noteworthy that for K = 0 we obtain as an element of the family the
well knownManakov equation (and the associated spectral linear problem) which
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then shares with coupled nonlinear Schroedinger equations the same tower with
skeleton. This fact is much stronger than simply knowing that solutions of the
coupled nonlinear Schroedinger equations could be reconstructed (resorting e.g.
to Miura-type or gauge transformations) by solutions of the Manakov equation
(a local fact; while our result is of intrinsic global and deeper nature).
Remark 1 We point out that the seeking for the representation ρ of a skeleton
belonging to the tower P (Z ,G) generates a whole family of equations of phys-
ical significance and also associates it explicitly with a linear spectral problem.
We also notice that, consequently, different ansa¨tze on F and G should be in-
terpreted as the seeking for different representations; the latter would provide
possibly different families of equations.
Here we provide a geometric interpretation in terms of the construction of a
tower with skeleton and an associated gauge-natural bundle of the ansatz intro-
duced for the first time in [11] and used in [1] . We also stress that dispersive
nonlinear equations have been obtained as necessary conditions for our origi-
nal algebraic structure to be a skeleton for an integrable tower. We remark
that the request that the operator T(·) satisfy the Kacˇ-Moody algebra can be
weakened to the request that they satisfy the ‘open’ Lie algebra structure, ob-
taining, nevertheless, dispersive nonlinear equations as integrability conditions
for a tower.
This geometric interpretation of the so-called ‘inverse prolongation proce-
dure’ could be used in order to couple in a non trivial way different fields: one
would ask whether ‘open’ Lie algebra structures obtained from the prolongation
of two different field equations could be provided of the structure of a unique
skeleton for a tower the integrability condition of which would provide new field
equations. This topic is currently under investigation.
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